Abstract: In this paper, a new distributed receding horizon formation control scheme is introduced using relative dynamical model instead of absolute dynamical model of each member robot in most existing formation control algorithms. Convergence of the proposed distributed receding horizon formation control (DRHFC) is implemented using some additional control input constraints, and the relative dynamical model is used to relieve the performance degradation due to huge computational burden and heavy measurement noises. In order to verify the feasibility and validity of the proposed algorithm, a simulation is conducted and compared to the formation control with absolute dynamical models.
INTRODUCTION
Formation control of multiple vehicle systems has been widely researched in the past decades, and several typical formulations have been studied and present their great validity in both theory and reality, such as leader-follower method (Vidal, Shakernia, and Sastry, 2004) , behaviour based method (Balch, and Arkin, 1998) , and virtual structure method (Lewis, and Tan, 1997) , etc. However, formation control of multiple vehicles is far from maturity in both theories and real applications due to some unsolved but important problems, such as the constraints and optimality.
Most recently, receding horizon control has been paid more and more attentions in the field of multiple robots formation control due to its abilities of handling constraints and optimization. Unfortunately, one of the key disadvantages of receding horizon formation control (RHFC) is the huge computational burden due to the required online optimization algorithm. Distributed RHFC (DRHFC) seems a good method to solve this problem and some corresponding researching works have been published. Some previous work on distributed receding horizon control address unconstrained coupled LTI subsystem dynamics with quadratic separable cost functions as Camponogara et al. (2002) . In another work, Jia and Krogh (2002) solve a minmax problem for each subsystem, where again coupling comes in the dynamics and the neighboring subsystem states are treated as bounded contracting disturbances. Richards and How (2004) examines the multi-vehicle case of linear dynamically decoupled subsystems and coupling constraints, e.g., collision avoidance constraints. Keviczky, Borrelli, and Balas (2004) have formulated a distributed model predictive scheme where each subsystem optimizes locally for itself and every neighbour at each update. In Dunbar and Murray (2006) , a particular structure in the centralized cost and by appropriate decomposition in defining the distributed integrated costs, asymptotic stability is proven under stated conditions.
Compared with a centralized version receding horizon solution, DRHFC is desirable for potential scalability and improved tractability. Thus, the convergence of DRHFC has been an important and difficult problem. In Dunbar's work, an original idea is given to ensure the convergence of the formation algorithm using only local information and local communication.
However, there are two problems in Dunbar's work: 1) The use of global information in terminal state constraints term make Dunbar's algorithm requires more information than those referred to; 2) Algorithm in Dunbar (2006) requires all vehicles' absolute states which are difficult to be obtained in most real applications and will result problems such as heavier computational burden and formation accuracy. Actually, the second problem influences the formation performance in most of DRHFC algorithms.
It should be noted that, for multi-robot formation system, relative position and orientation is more important than absolute position and orientation. Thus, in this paper, we proposed a new kind of DRHFC algorithm by introducing the concept of relative model into Dunbar's strategy.
We begin in Section 2 by defining the formation problem with relative dynamics and the distributed optimal problem for each vehicle. In Section 3, the distributed receding horizon control algorithm is given, and its convergence results are analyzed in Section 4. Subsequently, a simulation is conducted in section 5, and the results are compared with that of Dunbar and Murray's scheme (2006) in section 5. Finally, Section 6 concludes this paper and gives some possible future's work.
PROBLEM STATEMENT
Suppose N (N ≥ 2) vehicles are considered to form a formation, and dynamical model of each vehicle can be denoted as following equations, ( , )
where
are the state vector and the control input vector, respectively; f i (*,*) are some nonlinear smooth functions with pre-defined structure.
Since only relative states are necessary for most of vehicles in formation, it will be convenient and beneficial to construct relative models which describe the transition of relative states. In this paper, we denote the relative dynamical model of two vehicles (vehicle i and j) as follows, ( , , ) 
is the relative state vector; u i and u j ,
are the control input vector of vehicle i and vehicle j, respectively.
Assume there are two roles in the formation, Na(Na≤N) leader vehicles and N-Na follower vehicles. Leader vehicles denote the systems that track their own desired trajectory and followed by one or more follower vehicles, while the so called follower vehicles are those which follow other vehicles (For the purpose of simplification, we suppose that each follower only has one leader in this paper). In such a formulation, leader and follower's dynamics can be respectively described by two different models (1) or (2), and the dynamical model of the formation-multiple-vehicle system can be denoted as
where x=(…x i ,…x jk ,…) contains all absolute states of Leader vehicles and the relative states of Follower vehicles; u = (u 1 ,…u N ) contains control inputs for all vehicles in the formation. Then, the formation control problem and the distributed formation control problem can be described as, Distributed formation control problem: Design some controllers
to make system (3) converge to the desired state x c .
DISTRIBUTED RECEDING HORIZON FORMATION CONTROL
In most DRHFC algorithm, formation is achieved by the minimization of some cost function. In this paper, we will utilize cost function with the following form, 
Thus, the distributed integrated cost in the optimal control problem for any vehicle i∈ {1,…,N} can be defined as ( , , ) (1 )
and x -i means relative state vector between vehicle i and its leader.
At each time interval, every vehicle conducts optimization only with respect to its own cost function based on its current state x i or relative states x -i . The relative states x -i can be obtained through u -i that is received from its leader through communication. (Suppose j is the unique leader of i, that is x -i =x ij and u -i =u j ).
Some notation that will be used in the following are defined as follows: u(·:t k ), u*(·:t k ), û (·:t k ) are the predictive, optimal and assumed control vectors for all vehicle (definition of assumed control vectors can be referenced in (Dunbar and Murray, 2006) ), respectively; for each vehicle, u i (·:t k ) denotes the predicted control trajectory, u* i (·:t k ) and û i (·:t k ) are the optimal predicted control trajectory and the assumed control trajectory, respectively; x* i (·:t k ) is the optimal state trajectory obtained in time instant
With cost function (6), the DRHFC problem with relative dynamical model can be denoted as follows, Problem 1: For each vehicle i∈ {1,…,N} and at any update time t k , given initial conditions x i (t k ) or x -i (t k ), and assumed controls ˆ( ; )
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subject to dynamics constrains ( ; ) ( ( ; ), ( ; )) ( ; ) ( ( ; ), ( ; ), ( ; ))
compatibility constrains 2 ( ; ) ( ; )
and terminal constrains
Terminal cost function is defined as 
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□
The applied control for i is constrained to be at most a distance of δ 2 κ from the assumed control in (10), this is very important to ensure the convergence of the whole algorithm (Dunbar and Murray, 2006 ).
Then we state the control algorithm following the succinct presentation in Michalska and Mayne (1993) . Algorithm 1. At time t 0 with x(t 0 ) ∈ X N , the distributed receding horizon controller for any vehicle i∈ {1,…,N} is as follows:
Initialization: At time t 0 , solve Problem 1 for vehicle i, setting ˆi u (s:t 0 )=0 and ˆi u − (s:t 0 )=0 for all s ∈ [t 0 ,t 0 +T] and removing constraint (10).
Controller:
(1) Over any interval [t k , t k+1 ): (a) Apply u* i (s:t k ), s∈ [t k ,t k +T). (b) Compute ˆi u (s:t k+1 )=ˆi u (s) as 1 1 1 ( ; ) [ , ) ( ; ) 0 [ , ] i k k k i k k k u t s
t t T u s t s t T t T
) to neighbors and receive ˆi u − (s:t k+1 ) from neighbor.
(2) At any time t k :
(a) Measure current state
With the optimal control solution to each distributed optimal control problem u * i (t), the closed-loop formation system can be denoted as 
STABILITY ANALYSIS
Before stating the control algorithm formally a terminal controller associated with each terminal cost and constraint set (11) is defined to be calculated off-line.
We consider the Jacobian linearization of the system (1) at the origin
and the Jacobian linearization of the system (2) at the origin with no disturbance u j =0
If equation (13) and (14) 
Following the logic presented in Section 2 of Michalska and Mayne (1993) , it is straightforward to show that such a positive ε i >0 exist, and an immediate consequence is that ( )
is a positively invariant region of attraction for system (1) and (2). By construction P=diag(…P i ,P ij ,…), from Assumption 1, we can obtain
Next, we will shown that the sum of the distributed optimal value functions is a Lyapunov function that does decrease at each update, enabling a proof that the distributed receding horizon control laws collectively meet the control objective.
At any time t k , the sum of the optimal distributed value functions is denoted as 
J x t T J x t x t T * − = = ∑
We begin by demonstrating that initial feasibility of the implementation implies subsequent feasibility, following the standard arguments in Michalska and Mayne (1993) , and Chen and AllgöWer (1998) Proof. By assumption, Problem 1 has a feasible solution at time t 0 , and feasibility for all subsequent update times is proven by induction. For leader vehicle i∈ {1,…,Na}, with candidate input
s t s t t T u s K x t T t x s t T t T * +
can steer x i (t k+1 )=x i (t k+1 ;t k ) to terminal region Ω(ε i ) by quasiinfinite horizon nonlinear model predictive scheme (Chen, 1998) . For follower vehicle i ∈ {Na+1,…,N}, a candidate input be chosen with
. From Assumption 1, the terminal region Ω(ε i ) is invariant for the nonlinear system model controlled with the linear state feedback gain K i .
□
As a consequence, if x(t 0 ) ∈ X N , then Algorithm 1 can be initialized and applied for all time t≥t 0 . In the analysis that follows, we require that the optimal and assumed state trajectories remain bounded. 
(b) There exists a constant (0, ) ∈ ∞ , with two pair of relative sate and input, (x ij1 ,u j1 ) and (x ij2 , u j2 ) subject to (2), such that
The following lemma gives a bounding result on the decrease in J * (·,T) from one update to the next. Proof. The sum of the optimal distributed value functions for a given
J x t L x s t x s t u s t ds x t T t x
.By the properties stated in (17), the sum of the last three terms in the equality above is non-positive and therefore the inequality holds (22) is sufficiently small that firstorder Taylor series approximations of the integrands is a valid approximation for any
L x s t x s t u s t ds x s t x x s t x ds
We have the next lemmas showing that, for sufficiently small δ, the bounding expression above can be bounded by a negative-definite function of the close-loop trajectories. 
L x s t x s t u s t ds x t x ds
Under the assumptions, L i is absolutely continuous in s, s∈ [t k t k +δ). Thus, for any ξ>0 such that for any δ(
is a decreasing function of s, because of the margin in (22) and also because the functions have bounded rate. By integrating both sides in s over the interval [t k ,t k +δ(x(t k ))], the inequality still holds. Thus, for any given ξ>0, there exist δ(
Taking first-order Taylor series approximations of (24) with Assumption 3(a), we have where q ij denotes the relative position. The formation structure is shown as a classical leader-follower scheme. So we take relative position q 21 , q 31 and q 32 to analyses the precision of the formation.
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We will conduct two simulations and compare the results to that in Dunbar and Murray's work (2006 Simulation result for 10 seconds is proposed in Fig.1 While solving the optimal problem, e.g. Problem 1 in section III, Case A has to deal with two global individual states (x i and x j ) and two dynamic models (1). On the contrary, Case B solves only one relative state x ij and a single dynamics model (2). Thus, the computation burden will be largely reduced in every receding horizon time t k where cost time is compared in Fig.3 . As in Fig.3 However, the optimal function J*(·)>0 can be measured to appraise the static position errors, as Fig.5 . It is shown that average value in Case B (J B =2.21) is smaller than in Case A (J A =3.45). That is to say, formation control by the method in this text has smaller static errors than Dunbar's work. The reason also lies in few states being solved in optimal problem at every t k .
CONCLUSIONS
In this paper, a new decentralized receding horizon formation control on relative dynamic model was proposed. The new designed algorithm has the following there advantages: 1) some vehicles do not need global information while using only locally sensed information. 2) asymptotic stability is proven in the need of relative dynamic model. 3) Computation burden and noise is reduced by substituting one relative state for two global individual states.
